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natural gas, compressed air, and CO, requires the integration of precise design criteria into a rigorous
mechanical constitutive framework. This framework should be consistent with the design criteria, describing all
mechanical loading (either short or long-term) deformations with a single parameter set. Due to methodological
disconnects between the experimental derivation of design criteria and constitutive laws, only a limited
number of consistent constitutive models exist in the literature. The RTL2020 model exemplifies such a
mechanical constitutive law by incorporating dilatancy both as a feature in the mechanical constitutive model
and as a design criterion, enabling accurate prediction of either short- or long-term mechanical deformations,
including volumetric strain, with a single parameter set. This study presents a novel numerical implementation
strategy for the RTL2020 model within an open-source simulator. The approach employs a stress-strain update
algorithm using Newton-Raphson iterations with an adaptation of the classical implicit integration scheme
(elastic predictor-inelastic corrector). This formulation ensures unconditional stability, rapid convergence, high
numerical accuracy and low computational cost at the constitutive level. Validation against experimental data
confirms the model’s capacity to reproduce key mechanical behaviours of rock salt, including the negligible
influence of mean pressure on axial and deviatoric strains and the strong sensitivity of volumetric strain to
mean pressure. These results underscore the robustness of our implementation. Application of the model to
numerical triaxial cyclic-loading simulations further reveals a profound dependence of deformation rate and
mechanism on loading frequency and stress amplitude, which has important implications for the long-term
performance of hydrogen storage caverns in rock-salt formations. The model is open-source, making it readily
accessible to the geomechanics community as a reliable tool for salt cavern design in geo-energy storage.

Mechanical constitutive model
Dilatancy criterion
Geo-energy storage

Salt cavern design

Implicit integration scheme

1. Introduction Design criteria can be classified as either stress-based or strain-

based (Labaune et al., 2018; Labaune and Rouabhi, 2019). Within

Salt cavern design for underground geo-energy storage involves
simulating cavern performance with adequate mechanical constitutive
law, and specifying accurate design criteria, to effectively assess the
cavern’s serviceability and stability risks (Khaledi et al., 2016; Labaune
et al., 2018; Labaune and Rouabhi, 2019; Rouabhi et al., 2019). Vari-
ous constitutive models have been developed to describe the complex
mechanical behaviour of rock salt (e.g. Berest et al., 2008; Tijani, 2008;
Munson and Dawson, 1981; Gunther et al., 2010; Giinther et al., 2015;
Aubertin et al., 1993; Cristescu et al., 1994; Heusermann et al., 2003;
Hou, 2003; Wolters et al., 2012), while corresponding design criteria
have been proposed to evaluate the salt cavern’s stability. The design
criteria involve specifying allowable limits of key mechanical quantities
(stress, strain and strain-rate) that the material can safely withstand.
These limits are generally derived from established thresholds of rock
salt’s tensile or compressive strength.
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these classifications are the tensile and dilatancy criteria (Sobolik and
Ehgartner, 2011; Yang et al., 2016; Moghadam et al., 2015; Shahmorad
et al,, 2016; Wang et al.,, 2016). The dilatancy criteria defines the
rock salt’s contracting and dilating behaviour and are often determined
through short-term triaxial tests (Rouabhi et al., 2019; Labaune and
Rouabhi, 2019). Strain-based dilatancy criteria have strong limitations
due to their empirical nature, while stress-based dilatancy criteria
have limitations regarding proper correlation with creep laws (Labaune
et al., 2018).

Traditionally, the design criteria have been applied as a post-
processing step immediately following cavern simulation (Wang et al.,
2015; Minkley et al.,, 2016; Labaune et al., 2018). However, this
approach poses significant challenges, as it overlooks the potential
for damage to occur at levels that may be undetected, even while
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the cavern continues to operate safely until the simulation concludes
(Labaune and Rouabhi, 2019). In this case, it is reasonable to assume
that the stress state, affected by dilatancy and tensile phenomena, de-
teriorates during the simulation. Therefore, assessing the stress state at
the cavern wall long after the design criteria have been exceeded holds
little practical relevance. Recent advancements have addressed this
issue by directly integrating design criteria into mechanical constitutive
models to keep track with failure directly during numerical simulations,
allowing for a more comprehensive approach to salt cavern design.

Despite the advancements, challenges persist in ensuring that rock
salt mechanical constitutive models and their corresponding design
criteria are derived using a consistent methodology, especially for salt
cavern design (Rouabhi et al., 2019; Labaune et al., 2018; Labaune
and Rouabhi, 2019). The historical separation between design criteria
and constitutive laws contributes to this issue. Most existing rock salt
mechanical models (e.g. Munson and Dawson, 1981; Aubertin et al.,
1993; Cristescu et al., 1994; Heusermann et al., 2003; Hou, 2003)
are based on long-term creep laboratory experiments, whereas de-
sign criteria are typically derived from short-term triaxial experiments
(Hunsche, 1993). This methodological mismatch creates a disconnect
between the mechanical constitutive models and their design criteria
because short-term (triaxial) tests involve significantly higher loading
rates than long-term tests, resulting in different parameters and data
inconsistencies (Labaune et al., 2018; Labaune and Rouabhi, 2019).
Although integrating the disconnected models (i.e., the mechanical
constitutive models and the corresponding design criteria) is feasible
under consistent laboratory and field conditions, such as temperature,
stress, pressure, and loading rates, discrepancies between experimental
and field conditions can introduce margins of error in the design
process (Labaune and Rouabhi, 2019).

The RTL model (Labaune et al., 2018; Labaune and Rouabhi, 2019;
Rouabhi et al., 2019) addresses these challenges by employing a unified
mechanical model that integrates dilatancy directly into rock salt me-
chanical constitutive framework, while using the onset of this dilatancy
as the design criterion. This integration effectively resolves the method-
ological disconnect between constitutive laws and design criteria by
providing a single cohesive law (Labaune et al., 2018; Labaune and
Rouabhi, 2019). This cohesive law is able to describe both short and
long-term (creep) deformations with a single parameter set (Blanco-
Martin et al., 2023). Unlike existing strain-based models, the RTL model
is unrestricted by empirical evidence. Furthermore, the strain-based
approach of the RTL model shifts the focus of instability evaluation
from failure surfaces (cavern walls) to the volume of cavern wall
that fails, allowing for more accurate and precise analyses of cavern
performance (Labaune and Rouabhi, 2019).

The RTL model is an extension of Lemaitre’s model (Tijani, 2008),
accounting for the dilatancy through the mean stress. The RTL model,
however, has limitations in accurately predicting long-term (creep)
deformations, therefore it was further enhanced into the RTL2020
model (Azabou et al., 2021) by incorporating a second deviatoric term
inspired by the transient component of the Munson-Dawson model
(Munson and Dawson, 1981). This new term includes characteristic
time and saturation strain dependencies of the stress deviator. The
RTL2020 model therefore ensures a more accurate long-term (creep)
behaviour prediction, balancing between the Lemaitre model’s overly
optimistic creep predictions and the excessively cautious estimates of
the Munson-Dawson model when simulating transient and steady-state
creep of rock salt (Azabou et al., 2021).

In this study, we present a comprehensive and novel numerical
formulation for the RTL2020 constitutive model and its implementation
in an open-source numerical simulator. The formulation is founded on a
strain-stress update procedure that adapts the classical implicit numer-
ical integration, commonly referred to as the elastic predictor-inelastic
corrector method (Simo and Hughes, 1998; Dunne and Petrinic, 2005).
A central feature of the implementation is the iterative solution of the
strain and stress invariants, which are integral to both the RTL2020
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model formulation and the stress update procedure. These iterations
are efficiently resolved using the Newton-Raphson method, thus en-
suring numerical accuracy, while providing unconditional stability and
improved numerical convergence at low computational cost.

The open-source implementation of the model ensures that it is
readily accessible to the geomechanics community, offering a robust
constitutive model for evaluating the mechanical behaviour of rock salt
in the context of salt cavern design for geo-energy storage.

The remainder of this paper is organized as follows. Section 2
presents the detailed formulations of the RTL2020 model and the
numerical implementation strategy. Section 3 reports numerical bench-
mark tests that validate key components of the RTL2020 model im-
plementation against analytical solutions. Section 4 provides a full
validation of the model using experimental data. Section 5 applies
the implemented model to assess rock salt mechanical behaviour dur-
ing prolonged cyclic loading under varied periodic cycles. Section 6
provides a summary and conclusion of the study.

2. RTL2020 model & numerical implementation strategy

This section provides a detailed description of the RTL2020 con-
stitutive model, as first introduced by Azabou et al. (2021), and our
approach to its numerical implementation into an open-source numeri-
cal simulator called BEAVER (Jacquey and Yevugah, 2026). BEAVER is
a comprehensive simulator for multiphysics geomechanics. It includes a
repository of constitutive laws for describing the mechanical behaviour
of geomaterials, particularly in the context of geo-energy applications.
The simulator is built upon the MOOSE framework (Harbour et al.,
2025), an open-source, multiphysics finite element platform developed
by the Idaho National Laboratory. MOOSE offers a flexible and scal-
able environment, supporting hybrid parallel computations for solving
complex multicomponent and multiphysics problems using implicit
solution techniques and automatic differentiation capability (Lindsay
et al., 2021).

2.1. Constitutive framework/formulation

The RTL2020 model (Azabou et al.,, 2021), as previously noted,
improves the RTL model (Labaune et al., 2018; Labaune and Rouabhi,
2019; Rouabhi et al., 2019) by incorporating a second deviatoric
transient creep mechanism. This additional component enhances the
model’s ability to accurately predict long-term creep behaviour, ad-
dressing the limitations observed in Lemaitre (Tijani, 2008) and Munson-
Dawson models (Munson and Dawson, 1979, 1981). Specifically, the
RTL2020 model achieves balance by mitigating the overly optimistic
long-term predictions characteristic of the Lemaitre model, while also
avoiding the overly conservative estimates associated with the Munson-
Dawson model when simulating both transient and steady-state creep
of rock salt.

The formulations of the RTL and RTL2020 models are rooted in
a stress tensor (a,.j) decomposition into a deviatoric and spherical
components as follows:

2
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where the mean stress p and the von Mises equivalent stress g are
defined as follows:
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J;; and I;; represent orthonormal bases for the stress tensor, defined
as follows:
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where 7;; = o;; + p§;; is the deviatoric stress tensor. By analogy of the
stress decomposition, the viscoplastic strain rate tensor is split into a
deviatoric and a volumetric components, as follows:

e-;f;=<\/gva,.j>-<%w1,,>, @

where the effective deviatoric viscoplastic strain rate (y?) and the
volumetric viscoplastic strain rate ({“?) are the strain rate invariants
defined as follows:

2 op .o

7P =1/Zer 17,
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where ¢ = ¢ + %é vrs;; is the deviatoric viscoplastic strain rate
tensor. Substituting Eq. (3) into Eq. (4) gives an expression of the
viscoplastic strain rate tensor based on its invariants and those of the
stress tensor:

o _ (3 op T _ (L sw

The notation 7' refers to the effective deviatoric viscoplastic strain
rate, comprising the modified Lemaitre creep mechanism from the
RTL model and a second creep mechanism introduced in the RTL2020
version (Azabou et al., 2021; Blanco-Martin et al., 2024):

PP =i+ 7R @

where y; is the Lemaitre effective deviatoric viscoplastic strain rate. It
evolves as follows (Blanco-Martin et al., 2024; Azabou et al., 2021):

dyll‘/“ q n
i~ (wim) @

where n, = f/a and K(T) = A, exp (AL% (1 - Tl)) a P, Ay, and A,

are positive rheological constants and 7, is a reference temperature at
which A, is determined. Note that 0 < a < 1 (Azabou et al., 2021;
Blanco-Martin et al., 2024).

Expanding Eq. (8) and including the exponential function of the
temperature gives (Azabou et al., 2021; Blanco-Martin et al., 2024):
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This equation confirms the transient nature of Lemaitre’s model, as
71 is not constant and tends to approach zero asymptotically while
1

" .
— remains constant at constant stress and temperature (¢ and T)

(Blanco-Martin et al., 2024).

The additional equivalent deviatoric viscoplastic rate term, yg, is
an extra transient term inspired by the proportionality function in
the transient component of the Munson-Dawson model (Munson and
Dawson, 1981) and includes a characteristic time and saturation strain
dependencies of the stress deviator. The model ensures a more accurate
long-term creep prediction, balancing between the Lemaitre model’s
overly optimistic long-term creep predictions and the excessively cau-
tious estimates of the Munson-Dawson model when simulating transient
and steady-state creep of rock salt (Azabou et al., 2021). It is a function
of internal state variables (¢, T, yg) and is defined as follows:

n
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where A, B, m, and n are material parameters, with A > 0, B > 0,
and m > 1, n > 1 (Azabou et al., 2021). The parameter y describes
the saturation strain, similar to that expressed in the Munson-Dawson
model, and is defined as:

g \"
7R("ij)=<A_l> ) an
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where A, and n; are material parameters. The function R in Eq. (10)
corresponds to the evolution of the hardening parameter in Lemaitre’s
model, ensuring that y; and j; have values of similar order of magni-
tude (Azabou et al., 2021):

n
R(o-,T):exp(AR (%—%>><Ai> ) (12)
r 2

A notable advantage of formulating y this way is that it is easy to
integrate compared to the exponential formulation used in the Munson-
Dawson transient model. Azabou et al. (2021) provides an analytical
solution for the new viscoplastic distortion term, under constant stress
and temperature.

In the RTL2020 model, the volumetric viscoplastic strain rate, {27,
is defined as:

g = 5 (p/N:)" =y 7P
(p/M_)"= + yvP
where z, N,, M, n,, and m, are material parameters (Azabou et al.,
2021). From this definition of the volumetric viscoplastic strain rate,

the dilatancy criterion is defined as:

13

¢ <. 14

A notable feature of the RTL2020 model is its ability to account
for reverse creep, based on the parameter B in Eq. (10). However, the
drawback is that it includes more parameters than the Lemaitre or RTL
models, which complicates the identification and accurate calibration
of these parameters (Azabou et al., 2021).

2.2. Creep model and stress update algorithm

In the following, we present the procedure adopted to update the
creep strain together with its implementation strategy. The primary
variables for the update are the increments of the viscoplastic strain
invariants. To determine the stress tensor, we employ a stress update
procedure based on an implicit numerical integration scheme (Simo
and Hughes, 1998; Dunne and Petrinic, 2005). This scheme follows
a similar approach used in the open-source LEMUR numerical code
(Jacquey et al., 2021).

The stress update procedure is formulated based on the total strain
increment tensor rather than the total strain rate tensor to prevent
the computed strain rate magnitude from varying with the choice
of time-step size. This approach provides flexibility in selecting the
time-step size without compromising accuracy, while also ensuring
unconditional numerical stability. To advance the numerical simulation
by a time increment in this stress update scheme, the current stress
state at a given point is first updated using an increment of the total
strain tensor, resulting in a trial stress noted o];. Then, in a second
step, an inelastic strain increment tensor is calculated to correct the
stress state to insure its compatibility with the creep laws. Hence, this
scheme effectively combines elastic prediction with inelastic correction
to maintain simulation accuracy. Thus, it is sometimes referred to as the
elastic-predictor-inelastic-corrector scheme (Simo and Hughes, 1998;
Dunne and Petrinic, 2005). This stress-update algorithm was originally
used for plasticity models but has been adapted in this study for the
RTL2020 viscoplasticity model.

The following elaborates on how the RTL2020 mathematical formu-
lation is used for the implicit numerical integration scheme within the
BEAVER numerical simulator. For all mathematical quantities, we use
the superscript (k) to denote the current time-step. First, we compute
the trial stress tensor as follows:

o0 2 oD 4 e s 4, as)
(k—=1)
ij
time step, and As&(’? is the total strain increment tensor.

Next, we compute the inelastic strain rate used to correct the trial
stress tensor. This step is the core of the update procedure as it requires

where C,;, is the elasticity tensor, ¢ is the stress at the previous
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an iterative approach. A general expression of the inelastic strain rate
is as follows, with a dependency on the current stress tensor:

&5 =1 (oy)- (16)

Here, the function f is the inelastic deformation function which can
be non-linear (either viscous, plastic or viscoplastic), and in this case, it
is the RTL2020 viscoplastic model (éfj = e'i”;’). Once the inelastic strain
rate is obtained, the trial stress is corrected as follows:

a:j'.‘) = af;’(k) =Cij : AeZ’,"“‘). 17

Eq. (6) can be used to reconstruct the viscoplastic strain rate tensor
based on its invariants.

The challenge lies in implementing a routine to obtain the highly
non-linear inelastic strain rate function shown in Eq. (16). For the
RTL2020 model, this non-linearity occurs in the expressions for the
strain rate invariants (i.e., y,, 7, and £*?). We use an iterative solver to
compute the stable values of these strain rate invariants for each time
step, together with the corresponding von Mises equivalent stress ¢ and
mean stress p.

Considering the split of the stress tensor introduced in Eq. (1) and
of the viscoplastic strain rate tensor introduced in Eq. (6), the stress
correction in Eq. (17) can also be split using the definition of the stress
invariants:

q® = g®Hr _ 3G AyvP, (18a)

p(k) — p(k),tr — K AP, (18b)

where Ay”? and A¢'P are the increments of viscoplastic equivalent
deviatoric and volumetric strain respectively.

We adopted a Newton—-Raphson iterative approach to solve for the
increments of the non-linear strain invariants (4y;, 4yg, and A¢YP).
Once we achieve convergence, we update the inelastic strain increment
tensor and the stress tensor based on Eq. (17). In this Newton-Raphson
scheme, we initialize the increments of the viscoplastic strain invariants
to zero. To prevent a singularity associated with this initialization for
the evaluation of the modified Lemaitre strain rate (Eq. (9)) when
y; = 0, we adopt a simplified version of this equation for the first
iteration of the first time step:

m
?L(YL:O):GBXP<AL <TL_%>> <Aiz> . (19)

With this simplified expression, the singularity is resolved while in-
suring that the strain rate is proportional to the loading, instead of
assigning a prescribed absolute value. After a single Newton-Raphson
iteration, the Lemaitre viscoplastic strain becomes positive and the
exact expression from Eq. (9) is used.

Due to the dependence of the volumetric strain rate on the equiv-
alent deviatoric strain rate, as shown in Eq. (13), we employed a
sequential coupling approach. In this approach, we separately solved
for the viscoplastic equivalent deviatoric strain increment in a first step,
and the viscoplastic volumetric strain increment in a second step. This
sequential coupling strategy does not induce any numerical error as
the RTL2020 model is sequentially coupled in its design and not fully
coupled.

For the equivalent viscoplastic strain, we define the following resid-
ual functions:

Ry (4r. 7)) =i (a0, 40 ) ac -y, (202)

Rg (Ay(Li), Ayg)) =r (Ay(L“,Ayg)) - 49, (20b)

where the functions y; (Ay(Li), Ayg)) and yx (Ayg), Ay?) are defined by
Egs. (9) and (10). The subscript i denotes the iteration number in the
Newton—-Raphson loop.
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Differentiating the residuals give the Jacobians and a system of
equations for solving the effective deviatoric viscoplastic strain incre-
ments, as follows:

OR; OR; 54y R
24 a4 -
[—BRVRL —dRyRR] [MYILJ B [—Rz] @D
d4yr, 253
——

increment vector  residual vector

Jacobian matrix

or equivalently,

Ry + 2RL sy, + 2Re 50,020
L 04y, YL 0A7x TR =Y, 22
R+ 2B 50y, 4+ 2RR 5000 =0
R 04y, 7L EYT YR =Y.

The equivalent strain increments used in Eq. (20) are updated at
each iteration with the increment vector, as follows:
Arp ™ = 4y + 54y, (23)
Ay = 4y + 4y

This system of residual equations are solved iteratively until the
residual tolerances are satisfied and convergence is achieved, yielding
the equivalent deviatoric viscoplastic strain increments (4y;, 4yg).

Similarly, for the volumetric strain, the residual is as follows:

Ry =& (A7) At — Agr D =0, 24

where the function {% (4*P?) is given by Eq. (13).
Differentiating the residual gives the equation for solving the volu-
metric strain increment, as follows:

Ry + ;AIZ‘;, SACYP = 0. (25)

This residual equation is solved iteratively until the residual tol-
erance is satisfied and convergence is achieved, yielding the volu-
metric strain increment (4¢,,). The obtained quantities of viscoplastic
strain increments are then injected into Eq. (18) to update the stress
invariants.

The novelty of our stress update algorithm lies in the iterative
approach adopted for solving and updating the stress invariants q and
p at each time step, which are essential for computing the strain rate
invariants. Unlike existing implementations of the RTL (Blanco-Martin
et al., 2024) and RTL2020 (Azabou et al., 2021) models that use direct
update procedure without iterating these values at each time step,
our method ensures more accurate solutions, enabling unconditional
stability in the numerical simulation without limiting the choice of
time step size (Hughes and Taylor, 1978). A direct comparison of
the implicit update algorithm with an explicit update algorithm is
summarized in Appendix. Note that despite the unconditional stability
of the scheme, for highly-nonlinear viscoplastic models such as the
RTL2020 model, convergence may prove difficult in the global solve.
Fig. 1 summarizes how the stress update procedure is implemented in
the BEAVER numerical simulator.

3. Numerical benchmark tests

We verified the accuracy of our RTL2020 model implementation
by conducting numerical benchmark tests, focusing on the deviatoric
strain rate component of the viscoplastic strain rate tensor. Particu-
larly, we compared each implemented equivalent deviatoric strain rates
(i.e., y; and yg) to their respective analytical solutions to validate the
accuracy of their implementation in the simulator.

3.1. Lemaitre’s equivalent deviatoric viscoplastic strain rate

Considering only y; from Eq. (7), the deviatoric viscoplastic strain
rate of the RTL2020 model becomes the Lemaitre model. The Lemaitre
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Result: Avyp, Avyg, ACYP
Initialization:
AAND — 0, A4 =0, AP =0,
Effective deviatoric strain update:
R = R, (0,0), RY = R (0,0), i = 0;
while /(R{))2 + (R%))? > tol do
Compute 5A7(Ll+1), 6A7g+1) using Eq. 22;
Update deviatoric strain increments:
A'y(Li+1) _ AVg) +5A’Y§j+l)§
A'yg+1) _ Awﬁf) +5A7§§+”;
Update residuals:
R = Ry (Aﬂ/(LHl),A,ng));
R%'Jrl) — Rgp <A’yy+1),A'y%H));
Update iteration counter:
i=i+1;
if @ > imas then

Failed solve;

end

end

AyP = Ayp + Avg;
Volumetric strain update:
RY = Ry (0), i = 0;

while |R{)| > tol do

Compute §A¢?P-(i+1) using Eq. 25;

Update volumetric strain increment:
Acvp,(2+1) — Acvp,(z) 4 5A<'up,(z+l);
Update residual:
R§}+1) — Ry (Agvp,(i«i»l));
Update iteration counter:
i=1i+1;
if 4 > imaa then
Failed solve;

end

end

Update stress tensor:

tr
aij = olf — 3G Ay"P 2 4 K ACP 655

Fig. 1. Stress update for RTL2020 model.

model assumes a purely transient flow for rock salt, with the vis-
coplastic strain rate decreasing asymptotically to zero (Azabou et al.,
2021).

The Lemaitre equivalent viscoplastic strain rate (y;) is outlined in
Eq. (9). The integral of this equation gives the analytical solution, as
shown below Boidy et al. (2002):

e () ()

where A is a time-scaling model parameter unique to the material
under consideration. Azabou et al. (2021) expressed this parameter
in terms of the Arrhenius law in the RTL2020 model, where A =
aexp [A L (Ti, - %)], to describe the behaviour of rock salt. For isother-
mal conditions, we have A = a.

To evaluate the accuracy of our numerical implementation, we
conduct a three-dimensional (3D) uniaxial creep test simulation, illus-
trating a fundamental viscoplastic problem. The numerical results are
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Table 1

Material properties for 7, and y, numerical benchmarks.
Parameter Value Units
E 1000 MPa
v 0.2 -

Modified Lemaitre (y,)

a 0.1 -
B 1.48 -
A, 1 MPad

Munson-Dawson ()

A 0.5 -
B 0.05 -

n 5 N

m 5 -

A, 0.3 MPam pm™!
n 3 -

A, 0.5 MPadmpm™!
ny 4 -

compared to the analytical solution for validation. The test involves a
cylindrical rock salt specimen subjected to a constant external uniaxial
compressive stress (of 2MPa) at a uniform and constant temperature.
The uniaxial compressive stress (¢,) is applied vertically at the top
surface and maintained throughout the simulation (see Fig. 2). The
specimen is constrained with fixed vertical displacement boundary
conditions on the bottom surface, and the simulation is run for a
duration of one day. The sample has a Young’s modulus (E) and
Poisson’s ratio (v) of 1000 MPa and 0.2 respectively. Table 1 shows the
various parameters used for the modified Lemaitre model.

As illustrated in Fig. 3, the model predicts uniaxial deformation con-
sistent with the Lemaitre equivalent deviatoric viscoplastic strain rate.
The numerical results closely match the analytical solution, validating
our numerical implementation of y; within the RTL2020 model.

3.2. Modified Munson-Dawson’s equivalent deviatoric viscoplastic strain
rate

The second transient term (7g) in Eq. (7), formulated based on
the proportionality function of the transient Munson-Dawson model,
admits an analytical solution, as follows (Azabou et al., 2021):

YR®O =vro+Fr+7r0)ED, (27)

where ¢ is defined as:

N
=1-{ —F ) 28
£o <1+V(t—t0)> 28

and
ny
1 py—

V=(k—1)UEq"~ ", (29)
2

with:

n—1
k=n; U=A(1—%) , when yg < 7z, 30
m—1
k = m; U:B(’;—RO—1> , when 7 > 7.

To validate the accuracy of our numerical implementation of yg,
we considered a three-dimensional (3D) uniaxial creep test problem,
analogous to the one described in Section 3.1 for y; (see Fig. 2). Instead
of applying a constant uniaxial compressive stress on the top boundary
of the finite element domain (i.e., the rock salt medium), we imposed a
uniaxial compressive stress function: a constant 10 MPa uniaxial stress is
maintained for 15 days, followed by a reduction to 5 MPa for another 15
days. The parameters used in this benchmark test are listed in Table 1.

As illustrated in the y; evolution plot in Fig. 4, the numerical
model accurately captures the equivalent deviatoric viscoplastic strain
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Fig. 3. Evolution of the scalar equivalent viscoplastic Lemaitre strain (y;) as a function of time. The analytical solution is given by Eq. (26).

deformation consistent with the analytical solution. This consistency
validates our numerical implementation of the y; in the RTL2020
model.

4. Validation of the RTL2020 model against experimental data

The accuracy of the full RTL2020 model implementation was eval-
uated by validating it against experimental data from Mines ParisTech.
Following the laboratory short-term (triaxial) and long-term (creep)
experiments conducted by Blanco-Martin et al. (2023), we performed
comprehensive validation simulations under complex loading paths to
demonstrate the model’s fit for both the triaxial and creep tests using
a single parameter set, as reported in Blanco-Martin et al. (2023).

The short-term (triaxial) test considered in this validation is a strain-
controlled test, where the lateral (confining) pressure (c.) is kept
constant while imposing a specified axial strain rate. Two separate sets
of tests are considered, performed at two different axial strain rates.
For each set of tests (i.e. for a given axial strain rate), three different
confining pressures are considered to assess the impacts of the mean
stress on the volumetric response. The first set of triaxial tests was
conducted under a constant axial strain rate of ¢, = 1.0 x 1070571
while the second test was performed at a higher constant strain rate
of ¢, =1.0x107>s~! (as shown in Fig. 5).

The long-term (creep) test validation further corroborates the im-
pact of mean pressure on the various strains of the rock salt. It involved
a multi-stage creep test, with successive loading stages (i.e., applied

axial stress) and differential stress levels. Three tests were considered
for this validation, two of which were performed at an ambient tem-
perature, while the last test was conducted at an elevated temperature.
The first ambient temperature creep test was conducted at a constant
confining pressure with multi-stage levels of axial stress and lasted for
75 days, while the second ambient temperature test was performed
at varying confining pressure and axial stress while maintaining a
constant mean pressure, spanning 300 days. The elevated temperature
test was also carried out at a varying confining pressure but lasted for
200 days.

Table 2 provides a detailed list of all the parameters used to ac-
curately fit the RTL2020 model to both the short-term (triaxial) and
long-term (creep) experimental data (Blanco-Martin et al., 2023). The
RTL2020 model calibration procedure has been comprehensively doc-
umented by Azabou et al. (2021).

Figs. 5 and 6 illustrate the results for the validation tests. The short-
term (triaxial) test results (Fig. 5) show plots of differential stress versus
the volumetric and the differential strains for the first and second short-
term triaxial tests, respectively. As shown for each of these triaxial
tests, the differential strain evolution for the three test variations are
extremely close and almost aligned, consistent with the experimental
observations. The volumetric strain responses, although in general
agreement with the experimental data, are not perfect matches.

The multi-stage creep tests shown in Fig. 6 highlight the axial strain
evolution at each loading stage for the three creep tests. This figure
also shows the applied axial stress and lateral pressure for each creep
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Table 2

Parameters for short-term (axial loading), long-term (creep) and cyclic triaxial
tests. Strain are in pmm™!, stresses in MPa, time in days.

Parameter Value Units

E 22360 MPa

v 0.29 -

A 7870 -
Distortion (7, and )

a 0.5 -

A 0.148 MPam pm™!
n, 2.04 -

A,y 2.63 MPad mpm™'
n, 7.06 -

A 10 -

n 20.95 -

B 0.5 -

m 1.46 -

Dilatancy (£*7)

z 0.61 -

n, 112 -

N, 0.009 MPam pm™!
m, 2.67 -

M, 0.79 MPam pm™!

test. As observed, the axial strain evolves rather slowly, reaching only
2% after 75 days of loading for the first ambient temperature creep
test and approximately 3.5% after 300 days for the second ambient
temperature creep test. For the elevated temperature creep test, the
axial strain reaches nearly 6 % after 200 days of loading.

The implemented RTL2020 model show strong capability in simu-
lating rock salt behaviour under a range of complex loading conditions,
including variations in loading rate and mean pressure. For example,
the long term (creep) validation results show that changes in mean
pressure at constant temperature has no significant influence on the
evolution of equivalent strain, as evidenced by the similar slow strain
evolution observed in both ambient temperature tests. This observation
is consistent with the experimental findings reported by Blanco-Martin
et al. (2023). We, however, note that despite the slow evolution of
axial strain at elevated temperature, it is still relatively faster than
the evolution rate at ambient temperature, indicating that temperature
might play a significant role in strain evolution.

The negligible influence of the mean pressure on equivalent strain
is further supported by the triaxial validation tests, as shown by the
closeness of the deviatoric strain curves obtained for the different
triaxial tests conducted at constant confining pressure. In contrast, vol-
umetric strain exhibits clear sensitivity to mean pressure, as reflected
in the increasing separation of volumetric strain curves across the three
triaxial test variations. This effect is particularly evident in the observed
dilatancy thresholds, where higher mean pressure requires greater
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deviatoric stress and longer loading duration to initiate dilation. This
trend is also consistent with the experimental observations reported
by Blanco-Martin et al. (2023), further confirming the reliability and
accuracy of the RTL2020 model implementation.

5. Evaluation of rock salt mechanical behaviour during prolonged
cyclic loading under varied periodic cycles

Transitioning to a low-carbon energy systems demands large-scale,
flexible storage solutions capable of smoothing the disparity between
renewable energy supply and consumption (Ramesh Kumar et al.,
2023; Muhammed et al., 2023). Subsurface storage of energy carriers,
such as CO,, compressed air, and hydrogen, inside underground engi-
neered salt caverns has emerged as a leading strategy in this context
(Gholami, 2023; Tackie-Otoo and Haq, 2024). Rock salt formations
are particularly advantageous due to their creep properties, ultra-low
permeability and inherent self-healing mechanisms (Carter and Hansen,
1983; Senseny et al., 1992; Cristescu and Hunsche, 1998; Liideling
et al., 2022), which together ensure long-term cavern integrity. Among
the various energy carriers, hydrogen stands out because of its high
energy density, enabling efficient storage within comparatively small
cavern volumes (Bottcher et al., 2017; Tackie-Otoo and Haq, 2024).

However, the mechanical behaviour of rock salt under cyclic load-
ing conditions relevant to subsurface hydrogen storage remains poorly
understood. Underground hydrogen storage operations subject salt cav-
erns to repeated internal pressure fluctuations associated with injection
and withdrawal cycles (Wang et al., 2021; Liu et al., 2025). Each cycle
increases and decreases the cavern pressure, imposing a corresponding
cyclic mechanical load on the surrounding salt formation. These pres-
sure variations are governed primarily by two operational parameters
(Li et al., 2024; Bagchi et al., 2025; Dong et al., 2025): the loading
amplitude, defined by the upper and lower operating pressure limits,
and the cycle frequency or period, which reflects the rates of hydrogen
injection and extraction. Both parameters strongly influence cavern
stability, controlling the stress range and loading rate experienced by
the cavern wall. Consequently, they affect the likelihood of onset of
dilation.

We evaluate long-term cyclic loading of rock salt in the context of
underground hydrogen storage using the RTL2020 constitutive model
to characterize the associated mechanical response. Existing studies
on this topic are predominantly experimental, with most focusing on
short-term cyclic loading at relatively high frequencies (i.e., seconds
and hourly periodic cycles) (Fan et al., 2019; Han et al., 2020; Wang
et al., 2021; Zhao et al., 2022; Dong et al.,, 2025). Our study is
particularly significant because hydrogen storage, unlike Compressed
Air Energy Storage (CAES) systems and other green energy carriers,
involves pressure cycles spanning several months to a year (Chang
and Ross, 2025), usually with large periodic cycles. The capacity of
the RTL2020 model to capture volumetric strain accumulation under
such loading conditions additionally provides a distinct contribution,
offering insights largely absent from existing literature.

To reproduce the mechanical effects of internal pressure cycling
on a salt-cavern wall, a triaxial cyclic-compression simulation was
performed under constant and uniform temperature conditions. The
cylindrical rock-salt specimen is fixed at its bottom surface with a zero-
displacement boundary condition, while a confining pressure (c,) of
4.5 MPa is applied uniformly around the outer boundary. Axial loading
is imposed on the top surface in the form of stress cycles that varies
between a maximum compressive load (op,,) and a minimum load
equal to the confining pressure (i.e., o,;, = o, = 4.5MPa), ensuring
a differential load note 46),,4. This configuration ensures that the rock
salt sample remains in compression throughout the unloading phase,
and prevents tensile elongation.

Different loading scenarios are examined varying the cyclic period
Atigaq (1, 2, 4, and 8 days) and the cyclic stress amplitude Acjqaq
(12.5, 13.5, 14.5, and 15.5MPa). Each cycle consists of a linear loading
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phase, followed by an unloading phase as illustrated for 4 cycles in
Fig. 7. The simulation runs for a total duration of 365 days (i.e., 12
months), allowing for the observation of long-term deformation trends
and potential viscoplastic dilatancy. The salt sample is assigned the

elastic and viscoplastic properties reported by Blanco-Martin et al.
(2023), as provided in Table 2.

We interpreted the mechanical response of the rock salt through

the evolution of axial strain, volumetric strain, and the stress-strain
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Fig. 7. Applied cyclic loading for four periodic loading/unloading cycles with
loading period Af,,,4 and loading stress amplitude Acy,,q.

relation. These parameters are central to assessing long-term cav-
ern stability and serviceability because they reveal the deformation
rate and mechanism of the salt cavern wall under repeated pressure
cycling.

The left panels of Fig. 8 show the evolution of the axial and volu-
metric strain over time for four different periods, Ar,,q = 1, 2, 4 and 8
days and a constant stress amplitude Aoyy,q of 14.5 MPa. During the first
150 days, the axial strain response is relatively homogeneous among
the four cycling periods, with an averaged response (not accounting
for the rapid changes due to cyclic loading) close to a classic creep test.
The axial strain rate is initially relatively high and gradually decreases
over time until reaching a quasi-linear evolution of the axial strain,
similar to a primary to secondary creep transition. After 150 days of
cyclic loading, the axial strain evolution diverges. For all cyclic loading
periods, the axial strain accelerates after the 150-day timestamp and
gradually decreases, until reaching a quasi-linear evolution with time.
The increase in axial strain rate is more pronounced for high frequency
cyclic load (low cyclic loading period) than for low frequency cyclic
load (high cyclic loading period). At the end of the simulated time, the
absolute axial strain spans a significant value range depending on the
cyclic loading period. The axial strain reaches values at around 2 % for
the 1-day cyclic loading period and values around 1.25 % for the 8-day
cyclic loading period.

During the first 150 days, the volumetric strain evolution reveals a
complex pattern. During the first loading cycle, the sample exhibits an
elastic compression. Then, the rock salt samples exhibit a short-lived
dilation phase quickly followed by a re-compaction phase from day 20
to day 150 for all the cyclic loading periods considered. At the 150-day
timestamp, the volumetric response changes with the onset of dilation.
The volumetric strain starts increasing sharply at a decreasing rate over
time, similar to what is observed for the axial strain evolution. The
dilation is more pronounced for low frequency cyclic loading than for
high frequency cyclic loading. After 365 days of simulated time, the
volumetric strain reaches around +0.07 % for the 1-day cyclic loading
period and —0.05 % for the 8-day cyclic loading period.

The right panels of Fig. 8 show the evolution of the axial and
volumetric strain over time for four different stress amplitudes, 4o},,q =
12.5, 13.5, 14.5 and 15.5MPa at a constant period 41,4 = 2 days.
The axial and volumetric strain responses exhibit a similar response
to the left panels. The timing of the onset of the divergent behaviour
(accelerating axial strain and dilatation) is however impacted by the
cyclic loading amplitude Acy,,q. The highest the loading stress ampli-
tude is, the earliest this shift in overall response occurs in time. For the
lowest stress amplitude considered (46),,q = 12.5MPa), the response
remains in a secondary creep regime with compression, and we did not
observe accelerating axial strain nor dilation. The evolution of axial
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strain and volumetric strain for the other three cases are similar after
the divergent behaviour, exhibiting a similar accelerating axial strain
and a similar volumetric response.

Fig. 9 shows the axial stress—axial strain relation for two of the nu-
merical experiments conducted with cyclic loading periods of 4f)y,q =
2 days and 8 days for a loading stress amplitude of Acyy,q = 14.5MPa.
Stress—strain curves for viscoplastic geomaterials undergoing cyclic
loading exhibit characteristic sparse and dense regions that predict the
primary (transient), secondary (steady-state) and tertiary (accelerated)
creep phases of the material (Guo et al., 2012; Wang et al., 2021;
Dong et al., 2025). Sparse regions correspond to rapid, but large strain
accumulation, indicating the occurrence of either primary or tertiary
creep based on the intensity. Dense regions indicate slower, more
gradual strain accumulation, a characteristic of steady-state creep. For
both the 2-day and 8-day cyclic loading periods, a similar response is
observed. During the first loading phase, a large axial stress is reached
followed by a 3-period sparse region corresponding to the primary
creep phase observed on the strain evolution plot. Then, a large dense
region is observed for many cycles corresponding to the secondary
creep hase on the strain evolution plot. After the 150-day timestamp
marking the onset of dilation, a sparse region is observed corresponding
to accelerating creep which attenuates into a low intensity sparse
region and associated with the transition back to the secondary creep
observed on the strain evolution plots. All the cyclic loading periods
exhibit the same behaviour in the axial stress—axial strain relationship,
the difference being that the higher the period is the sparser the plots
are.

These results highlight the strong influence of cyclic loading fre-
quency (or equivalently, the loading period) on the accumulated strain
and dilatancy of rock salt. In particular, our results indicate a direct
relationship between loading frequency and strain accumulation: the
higher the applied frequency, the higher the resulting accumulated
strain. The influence of the loading frequencies becomes only relevant
after the onset of dilation, which occurred for all cyclic loading periods
at the 150-day timestamp. This indicates that the time for the onset of
dilation is independent of the loading frequency. The onset of dilation
and accelerated viscoplastic strain is however strongly dependent on
the loading stress amplitude.

6. Discussion

This study introduces a comprehensive implementation of the
RTL2020 viscoplastic model, entailing a volumetric viscoplastic com-
ponent. The implementation uses an implicit scheme relying on the
elastic predictor-plastic corrector method which is unconditionally
stable and avoid time step size restrictions as encountered in explicit
schemes. We validated our implementation with analytical benchmarks
and comparisons to a comprehensive experimental dataset. We finally
performed numerical experiments to simulate cyclic loading of a rock
salt sample, as more realistic conditions in the context of seasonal
hydrogen storage. In the following, we provide key discussion points
about our results and their implications for the design of salt cavern
for hydrogen storage.

6.1. Advantages and drawbacks of the implicit stress update method

The main innovative aspect of the methodological approach adopted
in this study is to use an implicit integration scheme for the RTL2020
model. Previous studies made use of explicit integration schemes to
model rock salt behaviour with the RTL2020 model (Rouabhi et al.,
2019; Labaune et al.,, 2018; Labaune and Rouabhi, 2019). Explicit
integration schemes consist in a straightforward update of the vis-
coplastic strain rates based on the previous step stress tensor. The main
advantage of explicit integration schemes of viscoplastic models are
their simplicity and easy implementation. However, as the viscoplastic
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strain is computed based on the previous time step stress values, explicit
integration schemes require limiting the time step size to avoid accu-
mulating numerical errors. The solution obtained at a given time step
is indeed not entirely satisfying the equation as the current viscoplastic
strain rate is satisfying the previous time step stress values. To this end,
we introduce a stress update algorithm adapted from the classical im-
plicit integration scheme (elastic predictor-inelastic corrector method),
which updates the stress tensor based on the strain increment at each
time step. Our implementation is based on an iterative strategy for
updating the viscoplastic strain until numerical convergence is achieved
within a given time step. This iterative process comes with additional
computational cost compared to an explicit integration scheme but
lift the necessity to limit the time step size to avoid accumulating
numerical errors. The advantage of an implicit integration scheme
becomes predominant when dealing with large domains and problems
at the cavern scale. The choice of time steps can only be driven by the
choice of loading conditions and macroscopic response of the rock salt,
whether than by the limiting explicit integration scheme.
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6.2. Origins and controls on the onset of dilatancy

Our numerical results of cycling loading at the laboratory scale
indicates that the rock salt samples can undergo dilatancy after a given
time of cyclic loading. After this onset of dilatancy, the axial strain
evolution deviates from its initial trend reaching higher strains than ini-
tially. Understanding what controls the onset of dilatancy is therefore
essential to prevent possible salt cavern instability at the field case. Our
results show that the timing of the onset of dilatancy does not depend
on the cyclic loading frequency as all the cases considered (loading
periods of 1, 2, 4 and 8 days) exhibit the onset of dilatancy at the
150 days timestamp. However, the amplitude of the axial cyclic loading
influences the onset of dilatancy with higher stress values accelerating
the time of dilatancy onset. The rock salt samples do not exhibit any
signs of dilatancy for stress amplitudes below 12.5MPa. It remains
however unclear what processes control the onset of dilatancy. During
classic creep and multi-creep tests, no onset of dilatancy was observed,
whether experimentally nor numerically. It therefore implies that the
cyclic nature of loading plays an essential role on the onset of dilatancy.
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In our numerical experiments, the distribution of strain within the rock
salt samples suggests that strain localization occurs concurrently to the
onset of dilatancy. These two phenomena seemed to be intertwined,
but it is still unclear whether one is the consequence of the other.
Strain localization might cause a divergence in the macroscopic strain
response of the rock salt sample. Such phenomena usually occurs when
a mechanical stability occurs (Rudnicki and Rice, 1975). Future studies
should investigate the relation between strain localization and onset of
dilatancy.

6.3. Impacts for cyclic hydrogen storage

These results have important implication for the operation of under-
ground hydrogen storage caverns. Maintaining structural stability re-
quires minimizing viscoplastic deformation and delaying or preventing
diffuse or profound dilatancy. Our results indicate that the magnitude
of the cyclic stress magnitude is the primary parameter controlling
the onset of dilatancy. In the context of hydrogen seasonal storage,
it means that the hydrogen pressure amplitudes induced by injection
and production rates could have a significant impact of the cavern
wall stability. The duration of a storage cycle and of a production
cycle could also play a significant role in the stability of the cavern
wall, as the cyclic loading period impact the evolution of axial and
volumetric strain after the onset of dilation. The operators should
therefore monitor if possible the evolution of the cavern deformation
to prevent or anticipate the onset of dilation by reducing the injection
and production rates of hydrogen in the cavern. In the case of such
an onset of dilation already occurred, the operators could increase the
duration of the production and storage cycles to minimize the impacts
of dilation on the cavern wall stability. In future studies, we will explore
the impacts of realistic hydrogen injection and production schedules on
the deformation of a rock salt cavern.

7. Conclusion

In summary, this study presents a comprehensive numerical imple-
mentation strategy for the RTL2020 viscoplastic constitutive model for
rock salt using the open-source numerical simulator BEAVER, devel-
oped on the MOOSE framework.

The accuracy of the numerical formulation is demonstrated by
validating key components of the model — specifically, the individual
deviatoric strain-rate terms — against their corresponding analytical
solutions. Furthermore, the full RTL2020 model is validated against
experimental data from both short-term triaxial tests and long-term
creep experiments using a single set of material parameters. Together,
these results confirm the model’s capability to reproduce the complex
mechanical behaviour of rock salt across a broad range of loading
conditions in a consistent and unified manner. Thus, underscoring
the effectiveness of the proposed stress update algorithm in ensuring
numerical accuracy and convergence of our RTL2020 implementation.
More importantly, they highlight the reliability of the model in simu-
lating the mechanical response of rock salt under complex stress paths
and time-dependent loading conditions.

Application of the implemented model to numerical cyclic triaxial
tests provides valuable insight into the potential behaviour of rock
salt under conditions representative of hydrogen storage in under-
ground salt caverns. Specifically, the simulation results show a clear
sensitivity of rock salt deformation to the applied cyclic loading fre-
quency and stress amplitude, which has implications for cavern stability
and serviceability during hydrogen injection and withdrawal from salt
caverns.

Future investigations will apply the implemented model to field-
scale simulations of salt caverns and underground repositories, with
particular emphasis on the thermo-mechanical effects relevant to sub-
surface hydrogen storage. Additionally, the RTL2020 model will be in-
tegrated into fully coupled multiphysics frameworks, such as Thermal-
Hydraulic-Mechanical (THM) models, to enhance our understanding
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of rock salt behaviour in geo-energy storage systems. Furthermore,
the current model does not incorporate fatigue damage associated
with repeated cyclic loading. This limitation is particularly relevant
for long-term hydrogen injection and withdrawal cycles, where fa-
tigue processes may significantly influence cavern stability and failure
risks. Therefore, future models should extend the RTL2020 model to
account for fatigue damage and its evolution, enabling more realistic
predictions of long-term cavern performance.

Overall, the implemented RTL2020 model provides high-quality
numerical predictions and demonstrates strong potential as a valuable
numerical constitutive model for simulating rock salt mechanical be-
haviour. Its open-source availability makes it readily accessible to the
geomechanic scientific community and practitioners for simulating rock
salt deformation, especially volumetric strain evolution and dilation
processes relevant to geo-energy applications such as hydrogen storage.
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Appendix. Comparison of explicit and implicit update procedures

We compared the implicit update scheme for the RTL2020 model to
an explicit implementation. The explicit implementation uses old values
of stress (from the previous time step) for evaluating the viscoplastic
strain rate as introduced in Egs. (9), (10) and (12). The domain is a
single-element cuboid subject to a classic short-term triaxial loading at
constant confining pressure ¢, = 5MPa and a constant axial strain rate
of ¢, = 1.0x 1073 s~1. Because the results are homogeneous in terms of
stress and strain for this setting, a single element domain is sufficient
to compare the two integration algorithms. We use the parameters
summarized in Table 2 for the RTL2020 model. We used four different
time step sizes and compare the results based on the choice of time-
stepping. Time step size is a critical parameter for explicit integration
algorithms which can affect their stability and accuracy.

Figs. A.10 and A.11 summarized the results of this comparison. Fig.
A.10 shows the evolution of the differential stress as a function of the
axial strain for the four time step sizes considered. Fig. A.11 shows the
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Fig. A.10. Evolution of the differential stress as a function of the axial strain for explicit and implicit integration algorithms of the RTL2020 model. Each panel
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Fig. A.11. Evolution of the equivalent viscoplastic strain rate as a function of time for explicit and implicit integration algorithms of the RTL2020 model. Each

panel corresponds to a time step size.

evolution of the equivalent viscoplastic strain rate as a function of time
for the four time step sizes considered. For the two smaller time step
sizes considered, both algorithms give almost exact responses in terms

of stress and viscoplastic strain rate. However, for the two larger time

12

step sizes, the explicit algorithm becomes unstable and gives oscillatory
solutions in terms of viscoplastic strain rates which is also visible in
the stress response. This illustrates one major limitation of explicit
integration algorithms which can become unstable when the time step
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size increases. On the other hand, the implicit integration algorithm
gives similar responses for all four time step sizes, demonstrating its
unconditional stability regarding time step size.

In terms of total runtime, the explicit algorithm is in general slightly
faster (for the cases where it gives a stable response). For the smaller
time step size, the explicit algorithm is significantly slower as it requires
more non-linear iterations in the global solver. The implicit algorithm
tends to require more run time when the time step size increases. This is
usually due to the fact that for non-linear models, the implicit algorithm
will require more internal iterations to converge. In conclusion, these
observations show the unconditional stability of the implicit algorithm
with respect to the time step size, even though it comes at higher
computational cost when this time step size significantly increases.

Data availability

I have shared a reference to the data repository containing the code
used in this manuscript.
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